A similarity transformation is constructed through which a system of particles interacting with inverse-square two-body and harmonic potentials in one dimension, can be mapped identically, to a set of free harmonic oscillators.
In recent times, the one-dimensional system of identical particles having pair-wise inversesquare and harmonic interactions [1] , known in the literature as the Calogero-Sutherland (CS) model, has generated wide interest. This model and its generalizations to the periodic case [2] and the spin systems [3] , have been found relevant for the description of various physical phenomena such as the universal conductance fluctuations in mesoscopic systems [4] , quantum Hall effect [5] , wave propagation in stratified fields [6] , random matrix theory [2, 7] , fractional statistics [8] , two-dimensional gravity [9] and gauge theories [10] .
The quantum CS model is exactly solvable, with the energy eigenvalues and the level degeneracies matching identically with those of harmonic oscillators, apart from a coupling dependent shift of the ground-state energy. Since its inception, this remarkable manybody system has been studied quite extensively in the literature for a better understanding of the origin of solvability and the underlying symmetries [11, 12] . However, the explicit construction of the complete set of eigenfunctions, including the degenerate ones, has yet to progress beyond a few particles [13] . The similarity of the spectra of the CS model and free harmonic oscillators suggests to the interesting possibility of a map between these two systems.
In this paper, we provide a similarity transformation which realizes this goal by mapping the CS system of interacting particles to a set of free harmonic oscillators. The complete eigenstates of the CS model, including the degenerate ones, are explicitly constructed starting from the symmetrized form of the eigenstates of the harmonic oscillators. The following results are also obtained; (i) we exactly determine the N linearly independent, mutually commuting constants of motion, (ii) show the existence of a linear W 1+∞ algebra as the infinite dimensional symmetry associated with the CS system and (iii) demonstrate that, a large class of CS type models in higher dimensions as well as certain one-dimensional models with unequal couplings can also be solved in an analogous manner.
The N particle CS Hamiltonian is given by (in the unitsh = ω = m = 1)
here,
is the coupling constant. We work in a sector of the configuration space corresponding to a definite ordering of the particle coordinates:
is possible in one dimension since the particles can not overtake each other in the presence of the repulsive interaction. The resulting wave function is then analytically continued to other sectors of the configuration space, in order to obtain the actual eigenfunction.
The operator,T , which diagonalizes the Hamiltonian in (1), can be written in the form
Here,
case respectively. Since, the correlated ground-state of H is known to be ψ 0 = ZG, the following similarity transformation yields
where,
is the ground-state energy. The eigenfunctions ofH must be totally symmetric with respect to the exchange of any two particle coordinates; the bosonic or the fermionic nature of the wave function being contained in the Jastrow factor Z. One can also show that,
By making use of (4) in (3), it can be easily verified that, the operatorT diagonalizes the original Hamiltonian H:T
Furthermore, the following similarity transformation on (5) makes the connection of CS model with the decoupled oscillators explicit;
where,Ê = exp{−
Only the ground-state energy depends on the coupling constant; the rest of the Hamiltonian describes N free oscillators. As a consequence, it follows that, the excited energy levels and the degeneracy structure of both the systems are identical. This is one of the main results of this paper.
In order to construct the eigenfunctions of CS model, one can make use of (5) since, x i and ∂ ∂x i serve as the creation and annihilation operators respectively. The ground-state can be chosen:
The excited states are given by the monomials N l x n l i taken in a symmetric form, with respect to the exchange of particle coordinates;
here, n l = 0, 1, 2, · · ·. There exist several related basis sets for these functions, invariant under the action of the symmetric group S N , viz., Schur functions, monomial and complete symmetric functions [14] . Without loss of generality, we choose the power sum polynomials
; the eigenstates of CS system spanning the n-th energy level can be written as
Here, P n ≡ exp{−Â/2}( 
One can also define < 0|S n ({a i }) =< n| andS n ({a † i })|0 >= |n > as the bra and ket vectors;S n is a symmetric and homogeneous function of degree n and < 0|a † i = a i |0 >= 0.
The inner product between these bra and ket vectors proves that any ket |n >, with a given partition of n, is orthogonal to all bra vectors, with different n and also to those with different partitions of the same n. Although the above eigenfunctions are normalizable, to calculate the nomalization constant, one needs the ground-state normalization; this is known exactly only for a few values of α, for arbitrary N [15] .
The quantum integrablility of the CS model and the identification of the constants of motion become transparent after establishing its equivalence to free oscillators. It is clear that one should look for only N linearly independent conserved quantities, since this is an N particle system in one dimension. From (8) , one can check that [H ,
Therefore, the set {H 1 , H 2 , · · · , H N } provides the N such conserved quantities. One can construct linearly independent symmetric conserved quantities from the appropriate powers of the above quantities. Here, we would like to point out that, the earlier works [12] could not identify exactly the N commuting constants of motion, although an infinite number of such quantities were found.
Akin to the free oscillator case, one can define a linear W 1+∞ algebra for the CS model, using a i and a † i . We choose one of the basis for the generators of the
, for m, n ≥ −1 [16] . These will obey the linear relation
The highest weight vector obtained from L m,n ψ 0 = 0 for n > m ≥ −1 is nothing but the CS model ground-state wave function. One can also choose W n is the n-th Fourier mode of a spin s field. This result may find application in fractional quantum Hall effect, since the Laughlin type wave functions can be related to the CS model [5] . The previously known basis in the literature gave a non-linear realization of the above algebra, for which the coupling andh dependent non-linear terms were not known explicitly [12] . We would like to remark that the above analysis can also be performed for the translationally invariant model [1] .
In the following, we give two examples of interacting many-body Hamiltonians which can be solved in a manner analogous to the CS model. The first one is defined in one dimension having unequal couplings and three-body interaction terms:
It can be checked that, the operatorÔ
β ij = α ij + λ ij , λ ij = 0 or 1 and ǫ 0 = 1 2 N + i<j β ij is the ground-state energy. The excited states are given by
l ) are the totally symmetric, inhomogeneous polynomials which reduce to P n when
G is the ground-state wave function and the energy eigenvalues are E n = n + ǫ 0 . As an aside, we would like to point out that, the above model without the three-body term can also be formally mapped to decoupled oscillators. However, it is not clear whether the resulting wave functions are well-behaved and normalizable.
Our second example deals with higher-dimensional CS type models [17, 18] . We consider a recently studied two-dimensional model [18] :
Here, r 
where,Ĉ ≡
and g 2 = g 2 . One set of excited states and the corresponding energy spectrum are given by Ψ n,l =ÛS(r Since, the mapping between the CS model and harmonic oscillators was established by a similarity transformation, it would be interesting to construct the coherent state for CS model [19] starting from the coherent state of harmonic oscillators. We also remark that, the presence of the W 1+∞ algebra in the oscillator representation indicates the possibility of having Kadomtsev-Petviashvili (KP) type non-linear equations in this model [20] . Work along the above lines as well as the application of our technique to spin Calogero models are currently under progress and will be reported elsewhere.
In conclusion, we showed the equivalence of the CS model to N free harmonic oscillators; this led to the construction of the eigenstates of CS system, including the degenerate ones.
The N conserved quantities responsible for the quantum integrability of the system and the generators of the linear W 1+∞ algebra are explicitly identified. Other CS type manybody Hamiltonians with unequal couplings and in higher-dimension were also solved in an analogous manner.
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